
Trigonometric form of a complex number  (polar form) 

 
 

 
To remind you: 
 
Complex number is :     yixz +=  
 
x is a real part, y is imaginary part of a complex number, and   i    is imagirary unit : 1−=i     )1( 2 −=i  
 
Two complex number iyxz 111 +=  and  iyxz 222 +=  are equal if 21 xx =  and 21 yy =  
 

For yixz += , number  yixz −=
_

 is a  complex  conjugate number. 
 
Module  of    complex   number    yixz +=      is        22 yxz +=  
 
Complex numbers are presented in the complex plane, where x-line is  real line and y-line is imaginary line: 
 
Example:   
 
 
 
 
                               z = - 3 +i 
                                                                                                                      z =3+2i  
 
 
 
 
 
 
 
 
 
 
If we have  complex number  yixz +=  then the real part can write as: ϕcosrx = ,and imaginary ϕsinry =  
 
This we can see  from the picture: 
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Therefore, the complex number is:     
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This form is called trigonometric. Here ,  r is module 22 yxr += ;angle φ   is  the argument of the complex  
 
number. How are sinx and cosx periodic functions  complex number we can write as: 
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Example: Make the following complex  numbers in  a  trigonometrical form: 
 

a)  iz +=1  
b)  31 iz +=  
c)  1−=z  
d)  iz =  

 
 
Solution: 
 
a) iz +=1  
 
What we do? 
 

First, determine x and y,  then  find  22 yxr += , then  
x
ytg =ϕ  and replace that to trigonometriski form: 

                                                               
)sin(cos ϕϕ irz +=
 

 
So:   1,1 == yx    211 22 =+=r  
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b) 31 iz +=  
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)sin(cos ϕϕ irz +=  
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c) 1−=z           Take heed: This can record as: iz 01+−=  

 
 

 So :           

πϕ
ϕ

ϕ

=
=

=
−

==

=−=

o

x
ytg

yx

180

0
1

0
0,1

                    

ππ
ππ
ϕϕ

sincos
)sin(cos1

)sin(cos

10)1( 22

iz
iz
irz

r

+=
+⋅=
==

=+−=

               

 
 
 
 
 
 
 
 

d)  iz =   or  1,010 ==⇒+= yxiz  
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Often, in solving tasks we  use Euler formula: 
 
                                                                     xixexi sincos +=  
 
 
 
Example:    Write numbers  through Euler formula. 
 
a) 1  

 
b) i 
  
c) -2   
 
 
 
Solution: 
 
 
Tip: Here  always add periodicity! 
 
a) 1=z                 0,1 == yx  
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So:    ππ kik 2sin2cos1 += , or 
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b)  iz =     ⇒      iz 10+=     ⇒     1,0 == yx  
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c)  =−⋅=−= )1(22z  
  -1                      we find in the previous example: 
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Professors often like to ask the children to find values ii  
 
When you know Euler's record, it is not difficult. 
 
In a previous example, we find: 
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Multiplication  of complex numbers in  trigonometric form 

 
 
If we have two complex number in the trigonometric form: 
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Example:  We have  
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Solution: 
 

a) 

   [ ]
[ ]
4

014
sincos4

)
4

3
4

sin()
4

3
4

cos(
2
22421

−=
+−=
+=

⎥⎦
⎤

⎢⎣
⎡ +++⋅=⋅

ππ

ππππ

i

izz

 

 
b)  
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De Moivre's formula 
 

 
If we have      )sin(cos ϕϕ irz +=       then      )sin(cos ϕϕ ninrz nn +=  
 
If the complex has a number has a module 1, ie.  if  r  = 1 then: 
 

ϕϕ sincos iz +=  
                  →+= ϕϕ ninzn sincos  De Moivre's formula 
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Solution: 
a) 
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Here we first must move complex number in the  trigonometric form. 
 

)31(
2
1

2
3

2
1

3
2sin

3
2cos

3
2

3
2

3
18

3
20

3
20sin

3
20cos

3
sin

3
cos

))
3

sin()
3

(cos(1

)sin(cos

3
603

2
1
2
3

1
4
3

4
1)

2
3()

2
1(

2
3

2
1

20

20

20

20

22

iz

iz

iz

iz

iz

iz

irz

tgtg

x
ytg

r
y

x

o

+−=

−−=

−=

=+=→−=

−=

−+−=

+=

−=−=⇒−=⇒
−

=

=

=+=−+=⇒

⎪
⎪
⎭

⎪⎪
⎬

⎫

−=

=

ππ

ππππππ

ππ

ππ
ϕϕ

πϕϕϕ

ϕ

 

 
 

Root of complex numbers 
 

 

If  we have )sin(cos ϕϕ irz +=      then        )2sin2(cos
n
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All values n- the root of z, is on circle  with  radius n r . 
 
Example: 
 
Calculate:  
 

a) 3 i  
 
b) 6 1−  



 
Solution: 
 

a)   As we already see: 
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For k=0    
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For k=1 
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For k=2 
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b)    ππ sincos1 i+=−         πϕ == ,1r  
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For k=0 
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For k=2 
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For k=3 
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For k=4 
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For k=5 

                  

2
1

2
3

6
11sin

6
11cos

6
10sin

6
10cos

5

5

iiw

iw

−=+=

+
+

+
=

ππ

ππππ

 

                                                                                

x

y

W

W

W

-i

i

1-1

0

1

2

W

W

W3

4

5

 



 
 
 
 


