Trigonometric form of a complex number (polar form)

To remind you:

Complex numberis: z=X+Yi

X is a real part, y is imaginary part of a complex number, and 1 is imagirary unit: i = J-1 (i’ =-1)
Two complex number z, =X, +VY,i and z, =X, +Y,i are equal if X, =X, and y, =Y,

For z =X+ Yi,number z=X-Yyi isa complex conjugate number.

Module of complex number z=X+Yyi is 2| =yx*+y?

Complex numbers are presented in the complex plane, where x-line is real line and y-line is imaginary line:

Example:

z=-3+ i
\ 2_&' | 7 =342i
ir- =1

F-31

If we have complex number z =X+ Yi then the real part can write as: X =r cos ¢ ,and imaginary Yy =rsin ¢

This we can see from the picture:

y oy :

sinp=2=y=rsing

r

X
r COSQ=—=>X=rCcosQ

r

o

A " tgp=2 = p=arctgL
X X




Therefore, the complex number is:
Z=rcos@+rsingi,or

Z=r(cos@+isin@)

This form is called trigonometric. Here , ris module r =,/x*> + Yy’ ;angle ¢ is the argument of the complex

number. How are sinx and cosx periodic functions complex number we can write as:

Z =r(cos(p+2Kx)+isin(¢+2kr))
keZ

Example: Make the following complex numbers in a trigonometrical form:

a) z=1+I
b) z=1+iV3
c) z=-1
d) z=i
Solution:
a) z=1+I
What we do?

First, determine x and y, then find r=./X>+Yy’ ,then tgp= Y and replace that to trigonometriski form:
X

Z=r(cos@+ising)

So: x=Ly=1 r=+y1*+1>=42

tgp =

gy =

—_ ><|<

tgp=1= p=45° =%
Z=r(cos@+isin@)

z=4/2 (COS% +1sin %) solution



b) z=1+i/3

x=1

Sr=yX>+y> =41+3=+4=2
y=+3

NG
w¢=i=——

X 1

tg(p=\/§
¢=600=z

3
Z=r(cos@+ising)

z= 2(cosZ +isin z)
3 3

c)z=-1 Take heed: This can record as: z=—-1+0i

Xx=—1Ly=0 r=+(=1)°+0° =1

tgp=2L="—0 .
So: X -1 Z=r(cos@=Isin@)

»=180° z=1-(cos 7 +isin )

p=r Z=cosz+isinz

d) z=i or z=0+li=>x=0,y=1

r=+0>+1° =1 L

! Z=r(cos@+Ising)
gp=—=0 T .. T
0 z:cosEHsm—

-z
Y73



Often, in solving tasks we use Euler formula:

e = cos X +isin X

Example: Write numbers through Euler formula.
a)l

b)i

Solution:

Tip: Here always add periodicity!

a)z=1 —» x=1,y=0
r=+1"+0> =1

tg(p:%:0:>¢):0°

Z =r(cos(p+2kr)+isin(¢p+2kr))
z=1-(cos(0+2kz)+isin(0+2krx))

So: 1=cos2kz+isin2kz, or
2k7i

I=e
keZ
b) z=i = z=0+li = x=0,y=1
r:\/x2+y2:«/02+12:ﬁ:1
y 1 V4
t =—=—=00= = —
ge x 0 ® 5

Z =r(cos(p+2kr)+isin(¢+2kr))

Z= cos(% +2kz)+i sin(% +2k7)

So: i= cos(% +2kz)+i sin(% +2Kkr)
- e(%+2kﬂ')i

kez



c) z=-2=2-(-1)=
-1, we find in the previous example:
—1=cos(7 +2kz)+isin(z + 2kx)

—2 =2[cos( + 2kx) +isin(z + 2k7)]

So:
_ 2 — 2e(ﬂ+2kﬂ)i
_ 2 — 2e(2k+l)7zi
kez

Professors often like to ask the children to find values i'
When you know Euler's record, it is not difficult.
In a previous example, we find:

. (Z12kn)i
i=e?
keZz

(%+2kﬂ)i

Then: i' =(e )

_ e(%+2k/z')i2

T
ii _ e—(5+2k7r)
keZ

Multiplication of complex numbers in trigonometric form

If we have two complex number in the trigonometric form:

Z, =1 (cose, +ising,)
L then:
Z, =r,(cosp, +ising,)

2, =h-n [COS((Dl +,)+isin(g, + o, )]

N
N
-

7 ..
Z—l =1 [COS(¢1 _¢2) +1 Sln(¢l _¢2)]

2 r2
Example: We have

Z, = 4ﬁ(cos%+ [ sin%)

NG

z ——(cos3—7r+ i sin3—7z)
P2 4 4



Solution:

a)
zl~22=4\/§-£ cosZ+ ") +isinE+3%)
2 4 4 4 4
= 4[cos 7 +isin 7]

= 4[-1+0]
=—4

b)
Zl

L ﬂ{cos(z _37 Lisin® —3—”)}
z, 2 4 4 4 4

2
=8 cos(—z) +isinZ
2 2

=8[0—i-1]
—8i

De Moivre's formula

Ifwehave z=r(cosp+ising) then z"=r"(cosng+isinng)
If the complex has a number has a module 1, ie. if r =1 then:

Z=cos@+ising
2" =cosng+isinng — De Moivre's formula

Example: a) Find z° if z= 2(cos%+isin£)

18
b)Find 2% if z=l—£i
2 2

Solution:
a)
z= 2(cos£+ i sini)
18 18

2° =2%(cos6- = +isin6--2)
18 18

2° = 26(cos£+ i sinz)
3 3

NG

2 = 64(%+i73) =32(1+iv3)



b) z=————7-I
) 2

1 3.
2

Here we first must move complex number in the trigonometric form.

3

gy =

X < o
. B

2

2 P V3o _
:”—\/(5) +(—7) =

tg(p=T:>tg(p=—\/§:>(0=—60°

2
Z=r(cos@+ising)

7= 1(cos(—§) i sin(—%))

T .. T
Z=cos——Isin—
3 3

/1 3
—+—=1
4 4

3 3

Root of complex numbers

20 r .. 200 207 187 2m 2«
27 =cos —isin - = + 2222
3 3 3
2% =cos—ﬂ—|sin2—”
3 3
w_ 1 33
2 2
o - _Lasif
If we have z=r(cosp+ising) then

Q/_:W:Q/F(cos¢+2k7z +isin(p+2k”) k=0,12.n-1
n n

All values n- the root of z, is on circle with radius Q/F .

Example:

Calculate:
a) Ui
b) 4-1



Solution:

a) As we already see:

I =cos—-+Isin—
2 2

T ok 7 ok
Then : 3\/T:cos2 3 +isin 2 3 k=0,1,2
For k=0
Z40 Z40
w, =cos2—+isin
3
W, =cos— +isin—
W(J:£+il
2 2
For k=1
Z+27z £+27z
W, :coszTHsin
St .. 5w
W, = cos— +isin—
6 6
W1:—£+il
2 2
For k=2
vy Ly

W, = cos 3 +isin

Or . . 9x
W, =cos— +1isin—
6 6
W, = —i
AY
[
W, W,




o1

1

b) —l=cosz+isinz r=Lp=rx
2k 2k
{ —1=cos7[+6 4 sm7[+ i
k=0,1,2,3,4,5
For k=0
T .. T 3 .1
W, =cos—+isin—=——+i—
6 6 2 2
For k=1
T+2r . T+2r
W, = cos +1
6
T .. T .
W, =cos—+isin—=i
2 2
For k=2
T+4r . . w+4rn
W, = cos +isin
Sz .. 5« \/5
W, =cos—+isin—=——+
6 6 2
For k=3
n+6r .. w+6rx
W, = cos +isin
W3=cos7—ﬁ+isin7—ﬁ=—£—l—
6 6 2
For k=4
T+8r . . m+8rx
W, = cos +isin
9 .. 9« .
W, =cos—+isin— =i
6 6
For k=5
7+107 7+107
W, = cos

2
2
1
|
2
Ay
(WAL

Xy






