Trigonometric functions of sharp angle

Trigonometry was originally an area of mathematics that deal with calculating unknown elements of the triangle

with well-known. The name comes from two Greek words , TRIGONOS-meaning triangle and METRON-meaning
measures. How do we define trigonometric functions?

Observe right-angled triangle ABC.

a, b — cathetus
¢ — hypotenuse

a’ +b* = ¢> — Pythagorean theorem
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Take heed: The symbol sin (cos, tg, ctg) will not indicate any size! Always must have angle!

How to calculate values of trigonometric functions for the angles 30°,45°and 60° ?
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Now we'll do (by definition) for angle 60°:
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For the value of the trigonometric functions of angle 45° , we will use half of the square.

. ..o  Opposite a 1 \/_ V2
sin45” = = - Y= _X=
hypotenuse  av2 2 2 2
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cos45” = = =—
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In this way we get table:

30° 45° 60°

sina 1 V2 V3

2 2 2
cosa V3 V2 1
2 2 2

tgol 3 1 NE)

3

ctgol 3 1 NG

3

Of course, we will table later expand to all corners from0° — 360°.

Basic trigonometric identity:

1)sin’ o +cos’ a =1

2) tga _ smo
coSx
3) ctga = Cf)sa
simo

4) tga -ctga =1

To try to prove some of the identity:

2 2 2
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From the basic identity can be done other equality:
If you go by:

sin? & +cos” & =1 — devide this with cos’ &

sina  cos’ a 1
Ya=——"—d——=—7
cos"a cos"a cos o
tg’a+1= -— — Express from here cos’ o
cos” a
2 1
cos’ a=—; <
tg-a+1

Now this change in:

sina+cos’a=1

sin® o +— =
tg a+1
sina =1- 21
tg-a+1
2 —
sin’ o = 39 025+1 !
tg°a+1
: tg’
sin’ @ = zga )
tg°a+1 <

These two we will remember and use them in tasks!

Next:

™
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From the image (by definition) is:

sir105=E sinﬂ=E
c C
cosoz=E cosﬂ=E
C c
tgar == tgf ="
b a
ctga =— ctg,b’:%



We have new identity:

sin(90° —a) = cos
cos(90° —a) =sina
t9(90° — ) =ctga
ctg(90° — ) =tgux

v

sin # =cosa
cos f =sina
tgf =ctgo
ctgp =tga

1) We have cathetus of right angle triangle: a=8cm and b=6cm. Determine the value of all trigonometric

functions for angles a and f.

Solution:

a=_8cm
b =6cm
¢’ =a’+b’
c’=8"+6"
¢’ =64+36
¢’ =100
c=10cm

2) Calculate the value of trigonometric functions slope angle diagonal of the cube to basis.

Solution:

d:ﬂ'\.ll'z_



As we know , the small diagonal is d = av2 ,a large (body) diagonal is: D = aV3.

By the definitions:
sing— L _1 3 43
a3 V3 343 3
av2 2 N2 2 6
coOSg=——==—==——+—x=—
a3 3 33 3
a 1 1 2 2
av2 V2 2 42 2
ctgazx/z
3) Calculate unknown, if: c =24cm
sina =0,8
a=
b=2?
. a
sina =—
c
a
Solution: 0,8=—

24
a=24-0,8
a=19,2cm
b*=c*>-a’ Pythagorean theorem

b* =24%—(19,2)*
b> =576 368,64
b* =207,36
b=14,4cm

4) Calculate the value of other trigonometric functions, if:

a) sina =0,6
b) cosa =2
13

¢) tga =0,225



Solution:

a) sina = 3 because 0,6 = o = 3 and we will use
5 10 5
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5
As the sharp angle is in question:

4
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tga 3
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J cosaa 12 12
13
ctga =—

sina+cos’a=1
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5) Calculate the value of other trigonometric functions if:

a’-9
a) sina =
) a’+9
2_
b) ctga = a
Solution: a)
2
sina+cos’a =1 cos’a = 326a - sin g
s ., (@ +9) tga =
cos“a=1-sin"a cosa
5 36a’ 5
a’-9 cosa = > 5 a -9
cosla=1- g (@ +9) tog = a’+9
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2 2 2 2 tga =
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tgla +1
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a’_4 16a*> +(a*> —4)*
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Sin OK—T_i_ (a2+4)2
T4 5 2 2
(a* -4y @ -4
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R IO e
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6)  Prove that: [1+tgx+ ! j-(lﬂgx— ! jzztgx
CoS X COS X

Solution:
1 1
(1+tgx+ j-[lﬂgx— j:
COS X COS X

sin X 1 sin X 1
1+ + | T+ — =
COSX COSX COSX COSX

cosX+sinX+1 cosX+sinXx—1

Cos X Cos X
(cosX+sin x)* —1°

> =( 1 will be replaced with sin® X+cos” X)
cos” X

cos? X +2cos Xsin X +sin’ X —sin” X — cos? X _ 2cosXxsinX

cos? X cos? X

sin X
=2

= 2tgx
COoSs X

7) Prove that :  a) cos®18° +cos” 36° + cos® 54° +cos” 72° =2

b) tgl®-tg2°-tg3°..1g44° -1g45° -1g46°..1989° =1

Proof:

a) cos’18° +cos’36° +cos” 54° +cos> 72° =2

Because o+ £ =90° , cosax =sin f#, cos54°replace with sin36°, and cos72° replace with sin18°.
Then:

cos”18° +cos” 36° +cos” 54° + cos® 72° =

tgl°-tg2°-1g3°..tg44° - tg45° - tg46°..1989° =
= Kako je tga =ctgf (a+ B =90°) Bice=
tgl°-tg2° -1g3°..tg44° - tg45° - ctg44°...ctg2° - ctgl°®

=Asis: tga -ctga =1
=1-1-...-tg45° =1

=1+1=2

b)




8) Prove that : = (tga + ctgr)’

1-sin® @ —cos® a
Proof:

3 B 3 B
1—sin® x—cos®x 1—(sin® X+ cos® x)

We will attempt to transform expression sin® X —cos® X ...

/ (A+B)’ = A’ +3A’B+3AB> + B’

sin® X +3sin* X cos® X+ 3sin’® Xcos* X+ cos® x =1

sin® x—cos® x =1
sin® X+cos* x =1/()’

sin® X +3sin” X cos” X(sin” X+ cos” X) +cos’ X =1
1

So: sin® X + cos® x =1—3sin* xcos’ X
Let's go back to the task:

3 3 3 3 1

1-sin® x—cos®x 1—(sin® Xx+cos®x)  1-1+3sin’xcos*x 3sin’Xcos’X sin’ Xcos® X

To see now right side of equation:

(tga +ctgar)® =tg°a + 2tgactga + ctg o

sin’ a cos’a
=——F—+2+——
cos” a sin” «

sin®  + 2sin* @ cos® a + cos”* «

sin® acos’ a
B (sin’ a +cos’ @)’

sin’ @ cos’ a
1
sin® @ cos’ «

This we have proven that the left and right side are equal.

1-sin®a—cos® @ #0

sin® @ —cos® a #1
Condition is: 1-3sin’ acos’ o # 1

sinacos’a %0

sina#0Acosa =0






