Extremes of functions with multiple variables (part I)

In most of these tasks is set of functions f(x,y).

g and g

The first job is to find partial derivatives
ox oy

@zo and @zo.

Then solve the system of equations 3
X

Solutions of this system (may be one, but several of them) give us a stationary points (x,,y,), (x,,,), ...etc.

2 2 2
Next we find A:Z{, B:af, C:af

X ox0oy

Organize function D=A4-C-B’

For each stationary point we doing the same thing:

First, replace the value of stationary points in D. The resulting value must be greater than zero ,

If it occurs it is not, then that point is not the point of extreme.

Further investigate whether the maximum or minimum:

i) It and 4<0 (C<0) then the stationary point is maximum

ii) It and 4>0 (C>0) then the stationary point is minimum

1i1) If D=0 caseisindeterminate

v) If D<0 then no extreme

If it happens that D =0, that is, that the case is vague, we have to go to a broader definition of extreme , that is,

looking for second-order differentia d”f and

a) If d°f>0 function has a minimum

b) If d°f <0 function has a maximum
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Example 1.



Find extreme for function z=x’+8)’—6xy+5

Solution:

First, look for the first partial derivatives:

z=x +8y" —6xy+5

oz )
—=3x"-6
ox 4
& 24y —6x
oy
. . 0z 0z
Establish a system of equations —=0 and —=0.
ox oy

3x* -6y =0.../:3
24y —6x=0....../: 6

2
X

x2—2y:0—>y=7 replacein 4y° —x=0
4y* —x=0

x’ x*
4(?)2—x=0—>\4\Y—x=0—>x4—x=0—>x(x3—1)=0

x=0vx=1
2

For x:O—)yz%—>y=0—> M,(0,0)

For x=1—> —x—2—> —l%M(ll)
y 5 Yy > A

We got two stationary points: M (0,0) and M, (l,%) .

0’z 0’z 0’z )
Next, wemust find 4A=—-, B C=— andmake D=A4-C-B

x? - oxoy’ - oy’
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aZ 2
—=3x"-6
Ox Y
%224)/2—6)6
Y 2 D=A4-C-B*
4=z 0 (3x* —6y) = 6x then is : D = (6x)(48y) - (-6)

o’ ox | |
2 D =288xy—-36
~ 92 _ 9 24y’ —6x)=—6

ox0y  Ox

2
:a_fzﬁ(z4y2-6x)=48y

- Oy

Taking the first stationary point and investigate:

M,(0,0)
D =288xy—-36 —> D(0,0)=288-0-0-36=-36 - D(0,0)<0
Therefore, we have shown that this point is not extreme!

Investigate the second stationary point:

1
M1 (155)

D=288xy—36—>D(l,%):288-1%—36:144—36:108%D(l,%) >0

This point is extreme, even to investigate whether the max or min.

A=6x—>A(l,%)=6-1:6—>A(1,%)>0

We conclude that this point is minimum!

This value back to the starting function to calculate the minimum value:

z=x"+8y" —6xp+5

1 1 1
z (L) =P +8(=) -6:1-(=)+5=1+1-3+5=4
min ( 2) (2) (2)

1
z_ (1,—)=4
mln( 2)
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Find extreme for function: z=x\y—-x"—y+6x+3

Solution:

Z=Xyy =X —y+6x+3

%:\/;—2x+6
ox

0z X

» 20y

1

Jy=2x+6=0
X

2\y

~1=0

X

xE
Jy =22y +6=0

3y +6=0-y=2-[y=4
x:2\/;—>x=2-x/Z—>

is stationary point (only)

Iz

2 2 2
Still looking  A=22, =% =92
Ox Ox0Oy oy
@z\/}—zxw
ox
x|
v 2y
o’z 0
A=—=— —2x+6)=-2
ox’ Ox(\/; )

o’z 0, «x 1
B:—:— —1 =
Oy ax(z\/} ) 2y

2 1
Pz 0 x o

oy

—1:0—>x:2\/; , then this replace in \/;—2x+6:0

and D=A-C—-B*

—(Ey2-=-
oy 2 4y\y
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D=A4-C-B°

)2

1
Then is : D=(-2)(———)—(
ayy” 2y
1
D=—2__—
29y 4y

The value of point M (4,4) replace in D :

X 1
D= ——
29y 4y
gy 41113
2.4J4 4.4 4 16 16
3
D(4,4)==>0
(4,4) v

We conclude that our point M (4,4) is extreme.

Asis 4 =-2 ,weconclude A=-2 <0,and point M(4,4) is maximum!

Returnto z=x,/y —x>—y+6x+3 to find the maximum value:

Z=Xyy =X =y +6x+3
2(4,4) =44 -4 —4+6-4+3
z(4,4) =15

Example 3.

Find the extreme values of function: z=3 ln% +2Iny+In(12—-x-y)

Solution:

z:3ln£+2lny+ln(12—x—y)

6
O U DS RPN - S N
ox X 6 12-x-y ox x 12—-x-y
6
N DU SN S S
oy y 12—-x-y oy y 12—-x-y




Equate the first partial derivatives to zero and solve the system of equations:

3 1 B
;_12—x—y -
2 1 B
;_12—x—y -
E:;—>4x+3y=36
x 12-x-y
2 1
;_12—x—y
4x+3y =36
2x+3y =24
x=06

y=4

We got a stationary point.

—>2x+3y=24

) 0’z 0’z 0’z )
We are looking for A:az, B:88 , :F and D=A4-C-B
X X0y Y

oz_3__ 1
ox x 12-x-y
z_2__ 1
o y 12—-x-y

o’z 3 1
A=—F=-F-—"—

ox x (12-x-y)
B 0’z _ 1

oxoy (12-x-y)
c 0z 2 1

o’y (12-x-y)

D=A4-C-B*
XS BN SO RN
x’ (12—)c—y)2 y2 (12—)c—y)2 (12—)c—y)4

D=(-

Substituting the value of fixed points in D:
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3 1 2 1 1

MOD =D =) O Ty (2=xy)
D(6.4) = (- S )

(12-6-4) 4 (12-6-4) (12-6-4)
D(6,4)=é>0

Now change this point in A to determine whether the max or min:

M(6,4)—>A:—%—;2
x (12-x-y)

A6 =2~

Our point M(6,4) is therefore maximum!
The value function in it is:
2:31n%+21ny+1n(12—x—y)

6
z(6,4) = 3lng+2ln4+ln(12—6—4)

2(6,4)=3In1+2In2° +In2=3-0+2-2In2+In2

2(6,4)=5In2
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