Integrals-tasks (V part)

Integrals of some functions that include quadratic equation ax’ +bx+c¢

dx dx
First, we study the integrals form: |/, = jz— and |/, = I —_—
ax” +bx+c Vax’ +bx+c

Here the quadratic equation ax” +bx+c is reduced to the canonical form using the formula:

) ( b jz 4ac b’
ax“+bx+c=a|l x+—| +
2a 4a

Of course, we can use and recharge to full squares, who does not like to remember the formula.

+—=t
Then take the substitute * 2a . We get some of the tablet integrals.

dx=dt
Ilz.[zL canbereducedtoj- 21 2dx:larctg +C, J. :ilna+x+C
ax” +bx+c a +x a at-x* 2a |a-x
or I zdxzziln r—d +C
x*—a" 2a |x+a
szL canbereducedtoj. —dx = arcsm 4C or J-L:In x+Vx*ta’|+C
Jax* +bx+c Va? x*ta®
dx
Example 1. — =7
J.x2_6x+13
b\ 4dac—b’
x> —6x+13= Hereare:a=1, b=-6, c =13 and replace that in formula a(x+2—J + 2 , SO:
a a
2 2 2 2
of xe 2| pAaczbt (6 +M=(x—3)z+ﬂ=(x—3)2+4
2a 4a 2-1 4-1 4

We can amend this to a full square...

X —6x+13=x>-6x+9-9+13=|(x-3)>+4

You work as required by your professor...
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We return to the integral:

x—3=t
dx=dt

I . dt _ (this is I - 1 —dx :larctgz—kc from table of integrals)=
t°+2 a +x a a

J~ dx :J. dx
x> —6x+13 (x—3)2+4

1 t 1 x-3
—arcte—+C =|—arcte——+C
2 8 ) T

dx
Example 2. —_— =7
[Brample 2] |————ro
9
2x° —6x+5=2(x" —3x+= ) 2(x* —3x +Z__+ )— 2[(x ——) +— ]

dx

—_—= 2 (==
Isz —6x+5 I\/ x_;)z " II\/(i) dx =dt ﬁj t2+(;)2

+C

This is tablet integral: I% = ln‘x +Vx*+a’
x"ta

1 3

—=In|t+,[t? +(— +C=|—=In|x—=+~2x" —6x+5|+C
V2 I \/7 \/_ \ V2 2
When we know this two types of integrals, we can learn:

I —j Ax+B and |1, _.[ Ax+B
ax’ +bx+c ax +bx+c
They can work down to the previous two integrals:
I, = Iﬂdx is reduced to the integral [, = .[ ZL , while
ax” +bx+c ax” +bx+c
Ax+B dx
I, = | ———=—=—=—==dx isreduced to the integral [, = | ———.
'[\/ax +bx+c ’ J‘\/axZ+bx+c

There are formulas in which only needs to compare and find the values of A4,B,a,b and c.
Beware: it may only be used if approved by your professor! We will show you the entire process in case

you may not use the formula ...
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Formulas are:

Ig=i In ax2+bx+c‘ +(B- ;—b)lj +C and 14:£\/ax2+bx+c+(B—A—'bj[3+C

2a a a 2a

[

X +x+1

This is obviously an integral type 1, = jﬂd

ax” +bx+c

Comparing we get that: A=1, B=1, a=1, b=1,c=1

I, =iln‘ax2 +bx+c‘+(B—A—b)I1 +C
2a 2a

A=1,B=l,a=1b=1,c=1

1, :Llnhx2 +1x+1‘+(1—£)11 +C= l1n\x2 +x+1\+111 +C
21 21 2 2

Now we have to solve the integral type I, = I —ldx and his solution to return in the formula
X +Xx+

1
[ =|——dx="?
! '[x2+x+l

2
W axtle bxttietati=[xel] 43
4 4 2) 4

1 1 L 1 1 2()CJrl)
11:.[ 2 dx:J‘ dx:x 2 Z"‘;dxz— t 2

2
3 arctg—— =—=arctg
4

2

2x+1

2
—arctg ——
NG

Go back:
—x+1 _1 2 1 1 2 1 ,Z 2x+1
1 2x+1
—Inlx*+x+1|+—=arcte==—+C
h 7 NN
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This task would be solved without using formula as follows:

x+1

[ te=?

x +x+1

j x+1 _1 j 2x+2 _1 v[2)6-1-1-1-1 le 22)6-1—1 dx+j : 1 dx)
x° +x+1 x° +x+1 x +x+1 2 Y x"+x+1 x +x+1

Now we solve each of these two integrals, particular.

For first we will use substitution:

j 2x+1 X +x+l=1

2x+1)dx =dt

I :I%dt:1n|t|:ln‘x2+x+l‘

Here is another integral solution:

1 1 1 xX+—=t 1 1 t 2
J.x2+x+1x J.x2+x+1x j( 0 X : j ﬁ;x \/garcg\/g \/garcg NG
2 2

2x+1

2
=—=arctg ——
NN

Go back in task:
x+1 2x+1 1
=—( dx) =
J-x +x+l J-x +x+1 jx2+x+1 )

2x+1
=—(n x2+x+1+—arct —)+C
5l e+ 5

ﬁ

2x+1

\/_ arctg ——— \/_

:—ln‘x +x+1‘ +C
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5x+3
e

first way (with the help of the formula)

I, =£\lax2 +bx+c +(B—A—bj[3
a

2a
J- 5x+3

Vx* +4x+10

A=5B=3,a=1,b=4,c=10

5x+3 S e raralo ( 5-4) 1
:— X +4x+10+| 3
j\/x +d4x+10 2:1 j\/x2+4x+10

=5. x2+4x+10+(—7)j

=5-\/x2+4x+10—7-_[

dx

S Sy
Xt +4x+10
N S
Vxt+4x+10

To solve this integral separately, and will return its solution...

1
—  x=
’f\/x2+4x+10

x2+4x+10=x2+4x+4—4+10=(x+2)2+6

x+2—t

x+vx*td?

—J‘#dxzhere we use : J.Lzln

VEE+6 x*+d?

+C

—_—dx =
J‘\/x +4x+10 J‘\/(x+2) +6
=In|t+ /¢ +6‘=ln x+2+x° +4x+10‘

S5x+3 x+2
[ ——t=5]

1
R —

\/x +4x+10 \/x +4x+10 \/x2+4x+10

- 5-\/x2+4x+10—7-ln‘x+2+\/x2+4x+10‘+C

dx7J.

second way (directly, without using formula)

J- 5x+3

VX' +4x+10

As derivate is (x* +4x+10)'=2x+4 =2(x+2) in the numerator must be made that.
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3

543 S5(x+ ) xX+2— 2+—
—dx 5- —dx—
J-\/x +4x+10 J-\/x +4x+10 '[\/x +4x+10
3
_2+i
x+2
=5 dx +
I\/x2+4x+10 I x*+4x+10
x+2 5
'[\/x2+4x+10 '[\/x2+4x+10
x+2
=5 x—17-
'[ x’ +4x+1 '[\/x +4x+10

Now do these two integrals...

X +4x+10=¢2

x+2 (2x +4)dx = 2tdt Rt
S — [ [gr=r=Jx*+4x+10
'f\/x2+4x+10 Z(x+2)dx = Ztdt IX j

(x+2)dx =tdt

I;dx—

VxT+4x+10

X +4x+10=x"+4x+4-4+10=(x+2)’ +6

x+2—t

—Jl;dxz we use: I

V246

dx
S — |
I\/x +4x+10 T J.\/(x+2) Jxita®

=ln‘x+\/x2 +a’

+C

=ln‘t+\/t +6‘=ln‘x+2+\/x +4x+10‘

Let's go back to the task:

x+2

=i e
Vx*+4x+10 VX +4x+10 Vx?+4x+10

- 5-\/x2+4x+10—7-ln‘x+2+\/x2+4x+10‘+C
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Would say that this is a integral type /, = .[ ;4x_+de and worked to:
ax“+bx+c
J- 22x+7 dx:J-2jC+1+6dx:J- 2Z)C-I—l dx+J. : 6 v —
X +x-2 X +x-2 X +x-2 X +x-2

Solve these two integrals separately, and then we will replace their solutions ...

=

dx

2
X —da

1

=—TIn

2a

X—a

xX+a

+C

2x+1 X 4+x-2=t dt
,[2— X = 1n|t| ln‘x +x— 2‘
X 4+x-2 (2x+1)dx =dt t
J‘%dx 6I—dx=
X +x-2 X +x-2
xz+x—2:x2+x+l—l—2:(x+l)2—2
4 2 4
1 1 x+l t 1
6I > d. :6I dx 2 :6.[42dx=weuse
2’ 4 - i
3 1 3
(I Ly STy | x—1]
=6-—31n 3 =2In 3 :21n| |
2.2 |t+> x++‘ x+2
2 2 2 2
then we have:
J- 2x+7 _2x+7 .[ 2x+1 .[ : 6 Jy =
X +x=2 X +x— 2 X +x-2
=ln‘x2+x—2‘+21n x-1 +C
x+2
x—l2
:mkx—nw+2ﬂ+m > +C
(x—1)°
=In|{(x—-1) +C
(A% (x+2)
3
ENIC otV P
(x+2)
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This task we could solve in another way!

Let's see:

~b+b* —4dac

¥ H+x-2=0->x,=

—>x=Lx,=-2

2a
2
Iz)c—+7dx:?
X +x-2
2x+7 2x+7 A B

o S s vy By S Jo(x—1)(x+2)

2x+7=A(x+2)+B(x—1)
2x+7=Ax+2A+Bx—-B
2x+7=x(A+B)+24A-B

A+B=2
24-B=7
34=9—>|4=3|—>|B=-1|

2x+7 3 N -1 3 1
(x-D(x+2) x-1 x+2 x-1 x+2
y_ﬁﬁil_ﬁk: .;1%ﬁ—j —dx=3Infxr—]|~Inx+2]+C
(x—1)(x+2) x-1 X+2

=In|x—1] ~In|x+2|+C

(x-1)°
x+2

=In +C

Our advice is therefore to check whether the quadratic equation in the denominator can be solved, and than work as

integration of rational functions.

If quadratic equation 1is not solvable, do it as an integral type 1, = Iﬂdx

ax* +bx+c

You saw that they “dropped” the same solution

After all, you decide yourself what you prefer and how in turn commanded by Professor ...
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The following type of integrals is I dx
(mx+n)\/ax2 +bx+c
1
mx+n=-
t
These integrals we do with substitute : |mdx = —ldt and then we have I, = I &
r , e vbxre
dx =— 1 > dt
m-t
dx
Example 6. —="
=
First, take the substitute x _1 and we have ;.
t
1 1
] el L — i L
e R e T s
N ey L2 o U P U B U NI 1 [1 4 1-4t+1°
=—= — ) —4-—+1 ol z o+l
t AN t VAT i
_l dt
:I / :J' —dt _ _J- dt
}102_4PH, Ve -4+l TP —4r+1

—4t+1=t—dt+4-4+1=(1-2) -3

dt dt t—-2=z dt dx
_‘[\/lz—4t+1 :_'[\/(1_2)2_3 " ldt=dz =_.[ﬁ=use:jmzln x+x’ £’ [+ C,s0
=-In

z+\/zz—3‘=—ln‘t—2+\/t2—4t+l‘+c

then :

1o, (l)2 a4l
X X X

:—mk—2+4ﬁ—4+q+0=

—In

+C
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The method of undetermined coefficients (method Ostrogradski)

P . .
J- AC) dx| where in the numerator we have polynomial n-th degree.

Nax? +bx+c

This method can solve the integral type

The procedure of work is as follows:

- put together an equation

[ S 1€ R NY) SO O e thxte+ A [

dx
Nax* +bx+c Jax* +bx+c

Hereis Q, ,(x) polynomial (n-1)- st level of the undetermined coefficients

- Differentiating this equation

- Then multiply all by vax’ +bx+c

- On both sides we get polynomials of order n, and vague coefficients determined by equating

coefficients with the same degree of x.

Since the polynomial P (x) in the tasks is usually second degree, equations will be:

mx~+px+r dx
—t  dx=(Ax+B) Vax’ +bx+c + 1| —m—
'[\/ax +bx+c J-\/ax +bx+c

But best to see in the example:
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Solution:

2x* +3x dx
————dx=(Ax+B) X’ +2x+2 + A - | ——— —> differentiating
J.\/x2+2x+2 J.\/xz+2x+2
ﬂ— (Ax+B)‘~\/x2 +2x+42 +(\/x2 +2x+2)‘-(Ax+B)+#
VXt +2x+2 VXt +2x+2
2x* +3x 1 A
Y = AN A 2X 42— (X +2x+ 2) (AX + B) + ——————r
x2+2x+2 X +2x+2 a2 2x+2
2x% +3x 1 A

=AANX +2x+2+

VX2 +2x+2 2UxP+2x+2 Nxt+2x+2

2x% +3x 1 A
— = A+ 2x+2+ Z(x+1)~(Ax+B)+—
VxT+2x+2 ,Z\/x2+2x+2 NxP+2x+2

2
ﬂ:A-\/x2+2x+2+(x+l) (AX+B)+ 4 e JoNX? +2x+2
x2+2x+2 \/x2+2x+2 \/x2+2x+2

2x% +3x= A(x> +2x+2) +(x+1)-(Ax+ B)+ A

(2x+2)-(Ax+B)+

Now compare coefficients:

2x° +3x = A(X* +2x+2)+ (x+1)-(Ax+ B)+ A

2x% +3x = Ax’ + 2Ax +2A+ Ax* + Bx+ Ax+ B+ A
2x> +3x=2A4x> +x(3A+ B)+2A+ B+ A — compare
24=2-[4=1]

34+B=3

2A+B+4=0

34+B=3->3-1+B=3—>[B=0

2A+B+A1=0>2+0+1=0-|1=-2|

Return to the starting equation:
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j 2x 3x =(Ax+B) VX +2x+2+ 1" j
X +2x+
= (Ix+0)-Vx* +2x+2 -2 ]
=xx’ +2x+2 -2

dx

VX +2x+2
dx

VX +2x+2
dx

VX +2x+2

To solve this integral:

J- :.[ :.[ :X+1:t:J-L:
Ve +2x+2 TP 4 2x4141 k)P4l |de=dt| P4

+C

we use:J-Lzln x+vx*+a’
\/)czia2
:ln‘t+\/t2+l‘+C: ln‘x+1+\/x2 +2x+2‘+C

Finally, the solution will be:

2
jﬂdx:x-\/x2+2x+2—2-j

dx
VX +2x42 VX +2x42

=|{x-Vx*+2x+2-2-In x+1+\/x2+2x+2‘+C

I\/az —x*dx="?

If you remember, we solve this integral with partial integration .Then we say that it can be solved in several

ways. Here's how to work out with the method of Ostrogradski.

Of course, again a little rationalization...
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\/az—xz \/az—xz az—xz

1 .\/az_xz_\/az_xz

j\/az —x’dx = I%

Now this is the form that we need ...

2 2
Iudx =(Ax+ B) — differentiating

oA/ 2 _ 2+l' L
JER @ -x I/az_xz

a B SN P _Ex Ax+B
Ja* —x? ,Z\/a —x’ ( B

ﬂ:A a’—x' +—— (Ax+B)+L ............................................ [N a® —x*
a’—x° Na' —x° a’—x’

a’—x*=A(a’ —x*)—x(Ax+B)+ 1

a’—x*=Aa> — Ax* — Ax* = Bx+ 1

a’—x* =-2A4x" —Bx+ Aa> + 1

compare

—2A4=-1

~B=0-[B=0]

Ad’ +A=d’

system :

A:l —)%a2+ﬂ:a2 - ﬁzlcﬂ

Go back, and we have solution:

a’—x* dx
—dx:(Ax+B)-\/a2—x2+l- —_—
J- /az_xz J- /az_xz
j a’—x* lx > 3

a—x+aj\/7

a’ —x* 1 \/7 1
a’ —x* +—a* -arcsin= +C
j\/a —x* 2 a
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