Integrals-tasks (VIII part)

RECURRENT FORMULA

Recurrent (recursive) formulas are formulas that depend on natural numbers.

They are used to lower the "order" an integral.

Example 1.

Determine the recursive formula for .[ x"e®dx if a#0 and ne N
Solution:
jx"e”"dx =7

This integral will solve with partial integration (if you remember, this is integral to the first of our group).

x"=u e“dx =dv
I :Ix”e”xdx: 1 1 =
n— ax
nx" " dx=du —e" =v
a
1 1 _ e x" n _
=x"- —e’“—f —e“nx"dx = - _[ e x"dx
a a a a
e X" m
__'Infl
a a
So:
] e’ - x" n ]
n R
a a

How now use this formula?

Get a task to solve .[ xte*dx =27

In our formula is therefore n=4 and a = 1.
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Now, we work for n=3,n=2,n=1

I,=e"-x*-41,
I,=e"-x =3I,
I,=e" x> =21
I, =Ie"-xdx

This integral we know to solve:

xX=u e‘dx=dv
jxe"dx: dx =du Iexdxzv =x-e"—_[e"dx=xex—ex+C:

u-v
v-du
e =v ]

solution back ..

I,=e"-x'—4l,
I,=¢"-x’ =3I,
I=e"-x" =21,

I, :.[e" ‘xdx=e" (x—1)

go backin 7,

I=e"-x"=2[e"(x-1)]

go back inl,

I,=e"-x’ =3{e" - x* = 2[e"(x-1)]}

and go back in /,

I, = x* —4{e"-x' =3{e" - ~ e (x— )]} }+ C

e'(x-1)+C
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Example 2. Determine the recursive formula for jsin”xdx if n>2

Solution:

This integral will solve with partial integration...

sin"' x =u sin xdx = dv
I = j sin"xdx =|(n—1)sin" " x(sin x)'dx = du —cosx=v |=
(n—1)sin""* x-cos xdx = du
=sin"" x-(—cosx) —j (—cosx)(n—1)sin""* x - cos xdx
=—sin"" x-cosx+(n— l)j sin" ™ x-cos” xdx
From sin®x+cos’x=1-—cos’ x =1—sin’x, replace that instead of cos” x
=—sin"" x-cosx+(n— l)j sin"~ x-(1—sin” x)dx

=—sin"" x-cosx+(n— l)j (sin”* x —sin” x)dx

=—sin"" x-cosx+(n—1) J-sin”_2 xdx|—(n—1) J-sin” xdx

=—sin"" x-cosx+(n—-1)-1_,—(n—-1)-1,

Now, we have:

I =-sin"" x-cosx+(n—-1)-1_,—(n—-1)-1I,

n

I, +(n-1)-1 =-sin"" x-cosx+(n—-1)-1,,
/]{+n-ln71n/:—sin’“x-cosx+(n—1)-IH
n-I =-sin"" x-cosx+(n—-1)-1 _,

I —sin"" x-cosx+(n-1)-1 _,

n

n

s n—1
—sin"" x-cosx n-—1
I = + -,
n n

This is required recurrent formula.

We notice that if # is even number, then the gradual application of the formula obtained in the end we come to I dx.

If n is odd we get jsin xdx .
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Jooy for m22

Sin- X

Solution:

sin x

Here we first use a little “trick”: add ——, We'll see why ...
sin x
/ _I dx _J'sinx dx _Isinxdx
sin"x “sinx sin"x ¢ sin""
Now do partial integration:
, 1 .
sinxdx  |[u=—— sin xdx = dv
j — = sin"" x
sin"" x|,
! —cosx=v

we find this :

1 . . . (el C . cosx
(——=)=(sin™"" x)=—(n+1)sin”" """ x-(sinx)’=—(n+1)sin " cos x = ~(n +1)—=
sin"" x sin”
back to the task:
1 )
) ——=1u sin xdx = dv
J' sin xdx _[sin"" x _
sin"'x COS X B
—(n+1)———dx=dv —CcosxX =V
sin"** x
COS X

(—cosx)— .[( cos x)[— (n+1)—dx] =

sin"" x sin"™" x
cos X

—CcoSx- l)j

sin sin"”

1 1—-sin? x

—cosx-————(n+ l)j dx =

sin"" x sin"”

1

i) =

1 I .[ ?lﬁ\&

— oS X-— n+1x—(n+l)[.[ e

—COS X ——— —(n+1)[j - ’11+2 dx—j .ln dx]=
sin"" x sin""™ x sin” x
—COS X — 11 —(n+1)[j 12 dx—j L=
sin"" x sin"™ x sin” x
1 1 1
—COS X —/—— —(n+1)j — dx—j —dx]=
sin sin""* x sin” x
=—CcosXx- -(n+D[1,,,-1]
sin"" x
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back to the beginning:

I, =-cosx————(n+D[1,,—1,]
sin"" x
I, =-cosx-————(n+DI,,+(n+1)I,
sin”" x
1
n+1)[ ., =—cosx- +nl >
( ) n+2 Sin"”x njyln//ln/
(n+1)1,,,=-cosx-—————+nl
sin”" x
—Ccos X n
n+2: « n+l + Ly
(n+1)-sin"" x n+l
Inplace of » put n-2 ..
n+2 _Cos.xﬂ + ‘ 'In - In = _Cos-x—l n_2.]”*2
(n+1)-sin"" x n+l1 (n—1)-sin"" x n-1

Example 4.| Determine the recurrent formula 7, = I x"-In" xdx if n,meN

In" x=u x"dx=dv
I . :jx” ‘In" xdx = 1 ntl =
, _ X
m-In"" x-=dx=du =y
X n+l1
n+l n+l
X X _ 1
:ln’"x-——.[—-m-ln’"lx-—dx
n+l n+l1 X
n+l n
X x"- _ 1
—ln’"x.——.[—xm-lnmlx‘—dx
n+1 n+1 X
n+l
X m _
=ln" x- - Ix” An™ ! xdx
n+l n+l
n+l
Cm X m
In" x ———- ot
n+l n+l
So:
xn+l m
[nmzlnmx.___'[nm—l
' n+l n+l1 ~
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