DERIVATIVES (examples - part 111)

Derivatives of logarithmic functions

If we have y=1(x),whereis y>0 and y=1, then:

. f(x
(nyy=Y -1
y f(x)

Example 1.
Find derivative of function: y = x*
Solution:

y=x

Iny =Inx* we will use rule: INnA"=nlIn A

Iny =x1Inx now differentiate

Yooy Inx+ (Inx)" x
y

Y —Inx+1 all multiply with y
y

y =y(Inx+1)  replacey with x*

y =x(Inx + 1) the final solution!

Example 2.

sinx

Find derivative of function: y = (cosx)

Solution:



sinx

y = (CosX)

sinx

Iny =In (cosx) rule:InA"=nlIn A

Iny = sinx In(cosx)

Y- (sinx)" In(cosx) + [In(cosx)]" sinx Take heed: In (cosx) is a derivative of complex function.
y
y _ 1 .
~— =cos X In(cosx) + (cosx)" sinx
y COS X
Y = cos x In(cosx) + —— (-sinx) sinx simplify little...
y COS X
y sin® x . .
— =cos X In(cosx) - all multiply with'y
y COS X
. sin’ x sinx
y =y [cos x In(cosx) - ] replace: y = (cosx)
i sin® x
y = (cosx)*™[cos x In(cosx) - ] is solution.
X
Example 3.

Find derivative of function: y = (—j

Solution:

(Inxjsinx
y=|—
X
Iny:In[In—Xj
X

. (Inx}

Iny = sinx In| —
X

Y (sinx)‘m(ln_xj + [In(ln_xj ] sinx
y X X



1
y (Inx} X (;x—lnx) .
~— =cosx In 5 sinx
y X In x X
Y = cosx In(In X) + X (1—I2n X ginx
y X In x X
Y = cosx In(In XJ 42109 Gnx all multiply with y
y X xInx
. Inx)  (@1-Inx) . _ Inx ™"
y =y [cosx In + sinx] replace: y=|—
X xInx X
y = (In_xj [cosx In(In Xj + (L=Inx) sinx] the final solution!
X X xInx

Derivatives of function given in Parametric form

If in functiony =T (x) variable x and y depend on the parameterst ( x=x(t) and y=y(t) ), the first

derivative of functiony =f (x) is calculate by the formula:

Example 1.

Calculate the first derivative function given in parametric form: x=2t—t* and y=4t-t
Solution:

x=2t-t>* fromhereis Xx;=2-2t
y=4t-t2  fromhereis y=4-3¢ Now X';and y'; add to the formula:

Y, 2-2t

== > and here is solution!
X, 4-3t




Example 2.

Calculate the first derivative function given in parametric form: x=rcost and y=rsint

Solution:
X =r cost » Xt=-rsint

y=rsint _____ , yi=rcost

« —rcost _ —cost
yxzy—F: = =-ctgt

X,  rsint sint

Example 3.
Calculate the first derivative function given in parametric form: x = cost +t sint and Yy =sint —t cost
Solution:
X = cost +t sint  from here is: X'¢=-sint + [ t'sint + (sint)'t] = - sint + sint + t cost = t cost
y = sint -t cost S0: y't=cost — [t cost + (cost)” t] =cost—cost+tsint=t sint
y, _ tsint _sint _

== =2 —qgt
I X, tcost cost J

Derivatives of function given in Implicit form

When the function y = f (x) is given in implicit form F (x, y) = 0, its first derivative obtained from the relation:

d
~ F(xy)=0
i (X, y)

Example 1.
Find derivative of function: x®—2y—y?=0
Solution:

Mark:  F(xy) = x3 =2y —y?

di F(x,y)=3x*2y -2yy"  now this equal with 0
X



3x%-2y"-2yy'=0 from here now expressy", and that's it.
3% =2y +2yy°

2

2(1+vy)

3x*=2y’(1+y) then y'= is final solution.

Example 2.
Find derivative of function: x>+ xy +y*+6=0
Solution:

F(xy) =X+ xy +y* +6
d . .
d—F(x,y):2x+y+xy +2yy
X
2x+y+xy +2yy'=0 fromhere we need to express y

Xy +2yy =-2X-y

—-2X-Y
X+2y

is final solution.

y(X+2y)=-2x-y —» y =

Example 3.

Calculate the first derivative of function : ¥ =x3-y?

Solution:
Y =3 _y?
e¥(xy)" = 3x* - 3y’y’

ey +xy") = 3x* - 3y’y’
ey + ¥ xy’ = 3x? — 3y’
e xy" + 3y?y" = 3x% - eVy

y (e x + 3y?) = 3x° - My expressy’

3% —eVy

== . is final solution.
e¥x+3y



Example 4.

X —

Calculate the first derivative of function: x’-y*=

Solution:
x/ =y
Inx¥=Iny*

y Inx = x Iny derivative...

y Inx + yl =Iny + ly‘x
X y

y Inx - ﬁy‘:lny- Y
y X
y (Inx - 1):Iny- Y
y X
Iny—l
N X
y = X
Inx——
y

Derivatives of inverse function

Some function f has the first derivative different from 0, and function g is its inverse function. Then function

g also has derivative and:
. 1
9(X) ="+
f(9(x)

Often, this formula is written in the form of:

y;( = or X\yy\X: l



Example 1.

If y=arcsinx, -1<x<1, —%s ys% , find derivative fromy!

Solution:

Y, = L andwe have

X

Since y =arcsin x, then x =siny, we use
y

(arcsinx)” = Giny) = cols Y = { Now use that: sin’y +cos’y =1 or cosy = ,1-sin’y }=

1 ={replace siny=x}=

_ 1
J1-sin?y 1-x?

So: (arcsinx)” =
1-x?

Example 2.

NN

If y=arctgx and -owo<Xx<ow and ——<y s% find derivative fromy !

Solution:

Since y=arctgx itmustbe x=tgy,andapply y, = i
X
y

(arctgx)” = (tgly)‘: 1 = {sin?y + cos?y = 1}
cos’y
1 _ 1 _ 1 . _
= Sn? — = —— — = 5 replace: tgy = X
y+cos’y sin’y cos’y 1+tg’y
cos’y cos’y cos’y
_ 1
1+x°

. 1
So: (arctgx) =
(arctgx) 1+ x32



Example 3.

If y=logxx ,a>0,a#1,x>0 and —-wo<y<ow,findderivative.

Solution:

Inverse function for y = log.x is x =a’, and by the formula y, = i is:

y

1
logax)" =
(logax) @)
-1 _ Y
= =and now only replace x=a
a’lna
_ 1
xIna
So: (logax)'=

xIna



