Binomial formula

Acquainted yourself first with a character : n'! where "1" is the factorial operator.

—>

n'=no (n-1) o (N-2) o ...030 2 o1
Example:

51=50403 02 01=120 or 71=70605 04 03 02 o1 =5040
By definition,is 0!'=1
In tasks we often use to separate the factorial as a product of few members and new factorial.
For example:

(n+2)! = (n+2)(n+1)n(n-1) o...02 o1

(n+2)! = (n+2)(n+1)n ! or
(n+2)! = (n+2)(n+1)n (n-1)! or ....
Example 1. Reduce the fraction:
(n=D)!
(n-3)!
Solution: ~ \N=DE_ (=D =2)M =3t _ 4y o)
(n-3)! (n-3)!
Example 2. Solve the equation:
(2x)!  20x!
(2x=3)! (x-2)!
Solution:
(2x)t  20x!
(2x=3)!  (x-2)!

(2x)(2x -1)(2x - 2)(2x—3)!  20x(x =1)(x - 2)!
(2x —3)! - (x—2)!
(2x)(2x-1)(2x-2)= 20x(x-1)

2x (2x-1)2(x-1)= 20 x(x-1)

2x-1=5 and from here is x=3



n_. . .
(k )-is interpreted as the number of k-element subsets of an n-element set, that is the number of ways

that k things can be “chosen” from a set of n things.

n
(k) is often read as "'n choose k' and called the choose function of n and k.

(n) _nin=-)(n-2)...(n—k +1)
k' k!
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Examples: ( ) )=

To have the speed in the work we have to remember that:
n )
(O) =1 For example : (0) =1 (.)=1 ...

n 7 00
=1 For example : =1 =1 ...
0 e (D=1 ()

n A A 50, 50
(1)=( )=n  For example: (1)_(3)_4 (1)_(49)_50

And most important: (n)=( " )
k n—k

20
For example,we get to decide (18) \With this policy we resolve:

20019
201

=190. Itis easier!

20, 20
(=)=

Now we can see how it seems binomial form:

(a+b)n - (8) anbO + (:) an-lbl + (2) an-2b2+ L+ (nrll) albn-l + (2) aObn

This formula can be easily proved by the application of mathematical induction.



What is important to notice?

- The development has always n +1 members
- a begins with the degree n, and any member of the following decreases until it comes to zero,
while b starts from zero, and each member of the next growing until come to the degree n

n, n_n n n
- (0), (1), (2),..., (n l) and (n) are the binomial coefficients, and for them we have one interesting thing:

Paskal triangle

(a+b)’=1 coefficient 1 1

(a+b)! = a+b coefficientsare 1 and 1 1 1

(a+b)? = a’+2ab+b?  coefficientsare 1, 2, 1 1 2 1
(a+b)® = a®+3a’b+3ab’+b®  coefficientsare 1, 3, 3, 1 1 3 3 1
(a+b)* = a’+4a’p+6a’b*+4ab’+b* 1 4 6 4 1

coefficientsare 1,4,6,4,1 etc..

1\ /1
\./ pV /
NN
S
........................... . Andsoon .

General (any) member in the form of a developed stage is required by the formula:

Tke1 = (lr(]) a™k pK




EXAMPLES:

1) (3+2x)°=?

(3+2x)° =[Hereis a=3, b=2x and n=5]
5 5 o] 5 4 1 5 3 2 5 2 3 5 1 4 5 (o] 5
(0]3 (2x) +(J3 (2%) +(2]3 (2x) +[3]3 (2x) +(4J3 (2x) +(5J3 (2%)

it's easier to extract the binomial coefficients,and fix them first:

N O POl o o
) . (63}
B O N )

=1.31+5-3".2.-x+10-3*-2°x* +10-3*-2° . x*+5-3.2* . x* +1.1.2° . x° =
= 243+810x +1080x> + 720x° + 240x* +32x°

2) (L+i)°=?

(1+i)® =[ Hereis a=1, b=i and n=6]

1°-i° +GJ15 it +(2j14 -i? +(2}[3 i° +G]12 if +[§Jll-i5 +(2}[° -i°
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To remind you:

Let's go back to the task:

=11-1+6-1-i+15-1-(-1) + 20-1- (i) +15-1-1+6-1+1-1(-1)
=1+6i-15-20i+15+6i—-1

—8i

So:  (1+i)° =-8i

3) Determine the fifth member in the

Solution:

We will use formula:

Tk+l :( jan_kbk

As the search is for the fifth member:
T5 = T4+1
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_1211109 ,,
4.3.2.1
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=495-x3
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form of a developed stage: (

T



4) Determine member that does not include x in developed form of (x+ X )12

Solution:

a=x, b=x? n=12

n
We will use formula T, ,, = [kja”‘kbk to find k

n
T — an—K 'bK
K+1 [kJ

_ 1k2 y12k (sz )k

12
k
12
k

Since we need a member that does not contain x, carried out by comparison:
X12—3k — Xo
12-3k =0
3k =12
k=4

So, in question was(T,,, =T, ) the fifth member.

5) The sum of coefficient of the first, second and third member in the development stage of (xz +1J IS 46.
X

Find a member that does not contain Xx.

ol la) )

m(n-1)

Solution:

1+n+ =46

2+2n+n>-n=92

n“+n-90=0
19
1,2 2

n=9



_ 9 avok[ 1 ‘
= kj(x ) (;] X183 _ yo
2y . 18-3k =0
- K X=X 3k =18
k=6
_ 12 x18-3
k

Means that there is a seventh member.

12
6) Find the coefficients with x* in developed stage (%— 2x2j
X

Solution:

azi,b:—2x2,n:12
4x

n
T — an—K _bK
K+1 kJ
12 12—k
_ ij (c2¢)

121

121

So:

X3k—12 — X3

3k-12=3
3k =15
k=5



And the coefficients with x* will be:

12 l 12—k k_

WHRCE

121\ , s 12.11.10-9-8 1
SLE) e e

= % =-1,546875
64

=k

7) We have [nj:(n]=2:1l and (
1)1\2
Solution:
n) (n
: =2:11

£J . Determine the fifth member.
X

LU P ST}
2
1In=n(n-1)
1lIn=n%-n
n?-12n=0
nn-12)=0=n=0 v n=12 —»cannot
Because a—T :ﬂ ,n =12 and we must find the fifth member:

n K K
K+l j b

~12.11.10-9 x*
4.3.2.1 y°
=495x"y~?



8) At the railway station should be received in the same direction n people. On how many

Solution:

possible ways, considering the time of arrival, thay can arrive at the station?

Think:
- Can all came at different time
- To arrive two together, the other in a different time
- To arrive three together, the other in a different time
- Etc.
- To arrive in groups 2
- To arrive in groups of 3
- itd - Etc.
Number of all the possibilities:
C/+C,+C] +..+C] =

(-

To calculate this, let us start from binomial formula :

(a+h)" = (n]a“b" +(”ja”-lbl +...+(n]a°b”
o] 1 n

If instead of a and b put 1, you will receive:

(1+1)n:@'“*@-1-1+...+(:).1.1
S SEHRHEY
)= ()
HEWEEWES

Number of possibilities : 2" -1



